In this article we discuss generalized harmonic confinement of massless Dirac fermions in (2 + 1) dimensions using smooth finite magnetic fields. It is shown that these types of magnetic fields lead to conditional confinement, that is confinement is possible only when the angular momentum (and parameters which depend on it) assumes some specific values. The solutions for non zero energy states as well as zero energy states have been found exactly.
I. INTRODUCTION
In recent years the massless Dirac equation in (2 + 1) dimensions has drawn a lot of interest. One of the main reason for this interest is that the dynamics of quasiparticles in materials like graphene is governed by (2 + 1) dimensional massless Dirac equation except that the quasiparticles move with Fermi velocity v F (= 10 6 m/s) instead of the velocity of light c 1,2 . A major challenge in this field is about confining the quasiparticles. The quasiparticles in graphene or similar material can be confined using different methods e.g, by modulated Fermi velocity 3-5 , electrostatic fields [6] [7] [8] [9] [10] , magnetic fields etc. In particular, magnetic confinement of quasiparticles is possible using, for example, square well magnetic barrier 11, 12 , radial magnetic field 13 , decaying gaussian magnetic field 14 , hyperbolic magnetic fields 15, 16 , inhomogeneous radial magnetic fields [17] [18] [19] [20] , one dimensional magnetic fields producing solvable systems 21, 22 , polar angle dependent magnetic fields 23 , circular step magnetic field profile 24 etc. Among the different types of magnetic fields mentioned above, there are some smooth inhomogeneous magnetic fields [18] [19] [20] for which the pseudospinor components satisfy Schrödinger like equations with quasi exactly solvable effective potentials 25 . For such magnetic fields the quasiparticles are confined for some values of the angular momentum while for other values the quasiparticles are not bound. In this context it may be noted that there are many ways to produce inhomogeneous magnetic field profiles e.g, using ferromagnetic materials 26 , non planar substrate 27 , integrating superconducting elements 28 etc.
In this paper our objective is to search for smooth finite magnetic fields which would produce generalized harmonic confinement of quasiparticles i.e, inhomogeneous magnetic fields producing confinement with oscillator spectrum. More precisely, for such magnetic fields one of the pseudospinor components satisfies a Schrödinger like equation with the effective potential of a two dimensional oscillator while the other component satisfies a similar equation with the effective potential of a non polynomial oscillator or more general potentials expressed in terms of confluent hypergeometric functions. It will be shown that such confinement is possible only when the parameters of the model assume some particular value(s). In other words, the effective potentials are conditionally exactly solvable 29, 30 . The organization of the paper is as follows: in section II we present the model; in section III we shall present several magnetic fields which produce conditional confinement of quasiparticles and finally section V is devoted to a conclusion.
II. FORMALISM
The dynamics of the quasiparticles in graphene is governed by the Hamil-
where v F is the Fermi velocity, σ = (σ x , σ y ) are Pauli matrices, and
We would like to mention that all equations in the paper are in dimensionless form. Explicitly, the units of length, energy and magnetic field strength we use are respectively a = 2.46Å (graphene's lattice constant), E 0 = c/a = 802 eV and B 0 = c/ea 2 = 1.09 × 10 4 T which is equivalent to setting = c = e = a = 1.
We choose vector potentials to be of the form
where the form of the function f (r) will be specified later. The magnetic field corresponding to the vector potentials (3) is given by
The eigenvalue equation corresponding to the Hamiltonian (1) is
where ψ = (ψ 1 , ψ 2 ) T is a two component pseudospinor. The above equation
can be written in terms of the components as
where ǫ = E/v F . Since the magnetic field is a radial one, the pseudospinor components can be taken as
where m = 0, ±1, ±2, · · · denotes the angular momentum quantum number. Now using (7) the intertwining relations (6) can be written in terms of polar coordinates as
Now eliminating φ 1 in favor of φ 2 (and vice-versa), the equations for the components can be written as
In the next section we shall find magnetic fields for which at least one of the above equations becomes conditionally exactly solvable.
III. GENERALIZED HARMONIC CONFINEMENT
Here we shall consider several magnetic field profiles for which all or some bound state solutions can be found only when the parameters of the model assume some specific values. To this end we choose the function f (r) to be of the form
where λ is a constant and the function g(r) will be determined later. Then the resulting magnetic field is given by
Note that when g(r) = 0, the magnetic field becomes a homogeneous one and the effective potentials in Eqs. (9) and (10) are just those corresponding to a two dimensional oscillator. Now using (11) the effective potentials in Eqs. (9) and (10) can be found to be
We shall now identify V 2 (r) with the effective potential of a two dimensional harmonic oscillator (displaced in the energy scale) and this requires that the function g(r) satisfies the following Riccati equation :
where µ is a constant. We now linearize Eq. (15) by putting g = u ′ ru and obtain
The solution of Eq. (16) is given by
where c 1,2 are arbitrary constants and 1 F 1 (a, b; x) denotes the confluent hypergeometric function 31 . Having found u, it is now easy to obtain the function g(r) = u ′ ru and in turn the magnetic field. As mentioned before that for this choice of u(r) the potential V 2 (r) represents a harmonic oscillator for which the energy and the eigenfunctions are well known. Then using the intertwining relation Eq. (8) one may obtain the component φ 1 (r)and hence the complete pseudospinor. Next, we shall consider several possibilities of constructing the magnetic field.
A. c 1 = 0, c 2 = 0:
In this case we find
and the magnetic field is given by
where m = −(M + 1). We would like to point out that in order to produce a non singular magnetic field and effective potential V 1,ef f the function g(r)
should not have any poles. Furthermore, a singular V 1,ef f will not be isospectral with V 2,ef f (r). Therefore, it is necessary to choose various parameters in such a way that
does not have a zero.
In this context it may be noted that depending on the parameters the confluent hypergeometric series can either be a finite series or an infinite one.
We shall now consider both these possibilities and construct the corresponding magnetic fields by suitably choosing the parameters λ, µ and M.
In this case the confluent hypergeometric series 1 F 1 (−N, M + 1, −λr 2 /2) becomes a finite series and can be expressed in terms of the associated Laguerre polynomials L α n (x) . Consequently g(r) can be written as
Note that if we denote the roots of L M N (x) by x i , then g(r) can be written as
where
Then from Eq.(4) the corresponding magnetic field B z (r) can be found to be:
We note that magnetic fields of the type (19) was considered previously for some particular values of N in Ref. 33 and to obtain results for any particular value of N, one just has to put that value of N in our general results. From (22) it is observed that the magnetic field is non singular with a maximum value −λ and a minimum of −λ − 4 Before we proceed to obtain the spectrum, let us note that because of the choice of the magnetic field the effective potential V 1,ef f in (14) is always that of a two dimensional harmonic oscillator one (displaced in the energy scale) but the effective potential V 2,ef f in (13) We shall now obtain the spectrum. To this end we note that Eq.(10) for the lower component φ 2 becomes:
Eq. (23) is the eigenvalue equation of a two-dimensional isotropic harmonic oscillator whose solutions are well known. Using these results the eigenvalues E n,M and the corresponding wave functions φ 2,n,M can be found to be:
and
The upper component φ 1,n,M can now be obtained using the intertwining relation (8) and is given by
It is interesting to note that the above pseudospinor component can be written in terms of the type I X m exceptional Laguerre polynomialsL
the upper component can be written as
Thus the pseudopspinor ψ n,M (r, θ) is given by:
A plot of the probability density for different quantum numbers is shown 
The magnetic field and the effective potentials are given respectively by
V 2,ef f (r) = r The bound state energy values are given by
It is seen that the lowest energy value is zero and the corresponding pseudospinor is a singlet of the form
levels are given by
A plot of probability density for some of the states is shown in Fig. 6 . states.
This case is the most general one in the sense that confluent hypergeometric series is no longer a finite one and consequently there is more freedom in the choice of the parameters λ and µ. In this case the function f (r) and the corresponding magnetic field B z (r) have the same expressions as in (18) and (19) respectively with the appropriate parameter values as mentioned above.
In this section we shall consider two possibilities, namely, 3) and (2, 3) .
where the notations m = M − 1 (M = 0, 1, 2, . . . ) and ν = µ − 2λM are used.
The magnetic field (40) in this case is exactly the same as the magnetic field The conditional harmonic solution for energy E n,M and the lower component φ 2,n,M are given by
From the intertwining relation (8) the solution φ 1,n,M can be found as:
Hence, the pseudospinor corresponding to the energy (42) is
which is only different from case A because of the presence of the factor e i(M −1)θ factor instead of e −i(M +1)θ . This means the energy and the probability density corresponding the case B are exactly the same as in case A.
IV. ZERO ENERGY SOLUTIONS
A. c 1 = 0, c 2 = 0
In the previous sections we have discussed conditional confinement for non zero energy. On the other hand, zero energy solutions are important too and have been discussed by many authors [7] [8] [9] [10] . In this section we shall obtain zero energy solutions of our problem. Such solutions can be obtained from the intertwining relations (8) . For ǫ = 0 we obtain from the first relation of (8) and (17) 
where µ, λ and M are parameters of the magnetic field. The pseudospinor is thus given by
Similarly another set of zero energy solutions can be obtained from the second equation of (8) and is given by
when µ/2λ ≥ −(M + 1). Note that in both the cases the energy levels are infinitely degenerate with respect to the quantum number M.
B. c 1 = 0, c 2 = 0
For ǫ = 0 we obtain from the first relation of (8) and (17) φ 1 (r) ∼ r −M −1/2 e −λr 2 /4
where ν, λ and M are parameters of the magnetic field. The pseudospinor is thus given by
We would like to mention that the exact zero energy solutions are a result of chirality. The chirality operator is given by 37 σ z and it is easy to see that the solutions (45), (48) have chirality +1 while the solutions (47), (50) have chirality −1.
V. CONCLUSION
In this paper we have considered generalized harmonic confinement of quasiparticles in graphene. The magnetic fields used for confining the quasiparticles are finite everywhere. More specifically, we have considered magnetic fields which are of a non polynomial type and is expressed in terms of confluent hypergeometric series or Laguerre polynomials. The conditions required to produce the bound states have also been analyzed in detail. In this context we would like to point out that for generation of magnetic fields without any singularity parameters have to chosen in such a way that the confluent hypergeometric series/associated Laguerre polynomials remain free of zeros.
Following Refs. 34-36 one may find necessary conditions for absence of zeros of the above functions. Here it has been shown in the examples considered that by judicious choices of the parameters it is indeed possible to create finite magnetic fields (and hence confinement). We would also like to point out that for the types of magnetic field considered here confinement can be achieved for either for m ≥ 0 or for m < 0 (equivalently M ≤ −1 and M > −1) but for a particular magnetic field all values of angular momentum are not allowed.
It is also of interest to note that in some cases the pseudospinors could also be expressed in terms of the recently discovered exceptional orthogonal polynomials. This also establishes a relation between the magnetic field profiles and exceptional orthogonal polynomials. It may be mentioned that although we have not discussed any specific experiment, nevertheless we feel that finite magnetic fields considered in this paper may be produced following the suggestions in 19, 20 .
In this paper we have considered the massless (2 + 1) dimensional Dirac equation. It may be mentioned that for gapped graphene or other similar Dirac materials the electrons or quasiparticles are not massless and a mass term of the form ∆σ z has to be added in Eq.(1). In such a case the procedure to obtain the spectrum and the corresponding solutions would remain largely the same.
Finally it may be noted that here we have searched for magnetic fields for which the effective potentials are generalization of two dimensional harmonic oscillators. We believe it would be of interest to search for other types of magnetic fields which may produce effective potentials of non harmonic types.
